This paper characterizes analytically the saving rate in the Ramsey-Cass-Koopmans model with a general production function when there exists both exogenous and endogenous growth. It points out conditions involving the share of capital and the elasticities of factor and intertemporal substitution under which the saving rate path to its steady-state value exhibits overshooting, undershooting, or is monotonic. Simulations illustrate these interesting dynamics. The paper also identifies the general class of production functions that render the saving rate constant along the entire transition path and hence make the Ramsey-Cass-Koopmans model isomorphic to that of Solow-Swan.
Introduction
Despite its paramount importance, little is known about the behavior of the saving rate in perhaps the most popular workhorse model of macroeconomics and growth theory, the Ramsey-Cass-Koopmans optimal growth model. Only recently have there been some analytical breakthroughs on this issue. Specifically, Barro and Sala-i-Martin (2004) examine analytically the case where the production function takes the Cobb-Douglas form and show that the saving rate path to the steady state is monotonic. Smetters (2003) extends the analysis to the constant elasticity of substitution (CES) case and proves that if the elasticity of factor substitution is different from unity, then the saving rate may exhibit non-monotonic behavior. Finally, Gómez (2008) characterizes the global dynamics of the saving rate, also in the neoclassical model with CES production function, using qualitative phase diagram techniques.
This paper extends the analysis to any concave production function and derives general conditions, involving among others the elasticities of factor and intertemporal substitution, under which the saving rate manifests non-monotonic behavior during the transition to its steady-state value. Furthermore, it contributes to the existing literature in three more ways. First, it points out cases where, by imposing conditions on the intertemporal elasticity of substitution, the saving rate path becomes monotonic. Second, it extends the work of Kurz (1968) and Barro and Sala-i-Martin (2004) , by identifying the class of production functions that render the saving rate constant along the entire transition path and hence make the Ramsey-Cass-Koopmans model isomorphic to that of Solow-Swan.
Finally, it does all this not only in the case of exogenous, but also in that of endogenous unbounded growth, as in the convex model of Manuelli (1990, 2005) .
We view the results of this paper important for the following reasons. First of all, the resulting non-monotonic behavior of the saving rate accords well with abundant empirical evidence. 1 Second, our results have important implications regarding the transitional dynamics of the economy and the speed of convergence. Naturally, if the elasticities of 1 Maddison (1992) examines several countries after World War II and finds that for most countries the saving rate exhibits overshooting (notable exceptions are Germany and the United Kingdom, whose saving rate exhibits unershooting). Tease et al. (1991) also find strong evidence for overshooting in the saving rate of countries like the United States, Japan, Canada, France as well as the total of OECD and for undershooting in the cases of Germany and the United Kingdom. Overshooting of the saving rate is also found in, among others, Bosworth et al. (1991) for the case of the United States, Canada and Japan, Christiano (1989) for the case of Japan, and Chari et al. (1996) for South Korea. Finally Loayaza et al. (2000) report similar trends across the world. factor and intertemporal substitution alter the rate of change of the saving rate, then they will inevitably influence the speed of convergence to the steady state (see Barro The intuition behind the non-monotonic behavior of the saving rate lies in the interaction between the income effect and the intertemporal substitution effect. As the economy develops and capital rises, income rises as well. Two effects then take place. On the one hand, since income has increased, consumption as a share in total income decreases, while the saving rate increases. This income effect is more evident in developing countries where the initial capital stock is quite low. On the other hand, an increasing capital stock implies a decreasing marginal product and real interest rate; thus, consumers have a reduced incentive to save (intertemporal substitution effect). The magnitude of each effect, and hence the overall change in the saving rate, depends on characteristics of the underlying preferences and technology, which as we show include the intertemporal elasticity of substitution and the elasticity of factor substitution.
The rest of the paper is organized as follows. Section 2 gives a short introduction to the model and establishes notation. Section 3 characterizes the behavior of the saving rate during the transition and points out general conditions under which the saving rate path exhibits overshooting, undershooting, or is monotonic. Section 4 analyzes the case where, within the Ramsey-Cass-Koopmans model, the saving rate remains constant over the entire transition path. Section 5 concludes the paper.
2 Turnovsky (2002 Turnovsky ( , 2008 analyzes how a change in these elasticities of substitution affects the speed of convergence in the neoclassical growth model with CES production function. 3 The rejection of the Cobb-Douglas production function and the use of more flexible functional forms has recently found empirical support in, among others, the papers of Duffy 
The Standard One-Sector Optimal Growth Model
The model and the notation is essentially the same as in Smetters (2003) and Barro and Sala-i-Martin (2004) . Households maximize
where c t denotes consumption at time t, ρ is the rate of time preference and n is the population growth rate. The period-by-period budget constraint for each household iṡ
where a denotes assets per household member and r and w are the competitive interest rate and wage, respectively.
The production function per effective unit of labor f ( b k) is at least twice continuously differentiable, strictly increasing and concave ∀ b k ∈ R + , where b k t = k t e −xt denotes the capital stock per effective unit of labor, k t is capital per labor unit and x is the rate of labor-augmenting technical progress; furthermore, f (0) ≥ 0.
Applying standard techniques and the equilibrium conditions
to the following equations of motion: 
exists a steady-state equilibrium, which is saddle-path stable. Capital and consumption in effective units, b k t and b c t , converge monotonically towards the steady state, so that
addition to the exogenous part generated by technical progress, there will be unbounded endogenous growth (see Manuelli 1990, 2005) . In the latter case, if we set x = 0, then the exogenous part disappears; nevertheless, there will still be perpetual growth, as it can be seen from equation (2.1). 4 In either case, ratios such as the saving rate, s t , and the share of income consumed, z t = 1 − s t , take finite positive values, which are denoted as s * and z * , respectively.
Next, recall that the elasticity of substitution between capital and labor is defined as
When deviating from the Cobb-Douglas (CES) production function, various parameters, such as the share of capital (the elasticity of factor substitution), become endogenous variables. In addition, the Inada conditions may not be satisfied anymore. In fact, the limiting properties of the production function and the behavior of the capital share are directly linked to the elasticity of factor substitution. As all these play an important role in determining the behavior of the savings rate, the following properties are very useful to our analysis.
Lemma. Denote the share of capital as
if there is exogenous growth only and as lim k→∞ f 0 ( b k t ) if there is endogenous growth. We abuse somewhat the notation in order to make the two cases of just exogenous and of exogenous as well as endogenous growth immediately comparable. 5 We remind the reader that for a general production function F (K, L) the elasticity of substitution is defined as
Under constant returns to scale and with two factors of production this can be written as
, which, in terms of the intensive form f, is equal to the one given in (2.3). Case (d) of the above Lemma warrants further comments. It is well known that a CES production function with a value of σ > 1 can lead to endogenous growth (see, for example, Solow 1956 and Pitchford 1961) . Nevertheless, the CES is not the only production function that can deliver endogenous growth; any production function with a variable elasticity of substitution whose value is only asymptotically greater than one can result in endogenous
A > ρ+δ+θ, then there will be unbounded growth (for details see Palivos and Karagiannis 2007).
Variable Saving Rate: Under-and Over-shooting
It is well known that in the Ramsey-Cass-Koopmans model along the (asymptotic) balanced growth path, the limiting values of the growth rates of consumption and capital, measured both in effective units, are equal to each other; that is, γ *
Using then (2.1) and (2.2), we can write γ * and the limiting value of the saving rate
Of course, if there exists only exogenous growth, then γ * = 0.
Next let γ z(t) denote the growth rate of
is derived with the use of (2.1), (2.2), (3.1) and (3.2) and is analogous to equation (10) in Smetters (2003) 
Equation ( 
. 6 In either case, γ * z = 0. Finally, we also use the following expression, which gives the change of γ z(t) with respect to time,γ z(t) ≡ d(γ z(t) )/dt, and is obtained after differentiating (3.3) and using (2.3) and (3.2)
We are now ready to establish our first proposition. Throughout the paper, we consider the (realistic) case where a country starts with a capital stock below its steady state value b k * .
then the saving rate is increasing along the transition path from
In addition, the saving rate is decreasing at b k 0 iff
Proof : a) We prove this proposition for the case where there is both exogenous and endogenous growth ( b k * → ∞). The proof for the case where there is only exogenous growth and hence the economy accepts a steady state in effective units is similar. Recall from the Lemma that if σ( b k t ) > 1 and there is endogenous growth, then (since every term on the RHS is positive) and
which is a contradiction. Thus, z t < (θ − 1)/θ ∀ t > t k 1 . Also, equation (3.4) implies that γ z(t) < 0 ∀ t > t k 1 , for if γ z(t) ≥ 0 for some value of t, say t 00 , thenγ z(q) > 0 ∀ q > t 00 , which means γ * z > 0; this is also a contradiction, since along the balanced growth path s and hence z remain constant (γ * More specifically, if the elasticity of factor substitution exceeds unity and condition (1A) holds, then the saving rate will be increasing before it reaches the balanced growth path and becomes constant. 
That is why these terms appear in conditions (1A) and (1B). Note that if condition (1A)
holds at some point b k 1 , then the assumption that σ( b k t ) > 1 ∀ b k t ensures that it holds everywhere between b k 1 and b k * (Lemma, part 2). The same holds for condition (1B).
true or (1B) is true but not both. If (1A) is true (s * > 1/θ) then only part a) of the 7 For example, if the production function is Cobb-Douglas then We can also illustrate the results of Proposition 1 graphically (Figure 3.1) . We do so in the in ( b k, z)-plane because this enables us to deduce easily the behavior of the saving rate (recall that s t = 1 − z t ).
To save space, we analyze only the case where there is only exogenous growth γ * = 0. 8 Setting
which is downward-sloping and convex under the assumption that σ( b k t ) > 1 ∀ b k t (to make Figure 3 .1, though, less cluttered, it is drawn as a straight line, since this does not affect our conclusions). Moreover, by setting γ z(t) = 0 (equation 3.3) we geṫ z = 0 locus:
Theż = 0 locus is more complex. The exact shape of the curve is based on the properties that appear in the Lemma. We analyze the case where θ > 1 and the maximum of the locus occurs at a value of b k t < b k * . The steady-state equilibrium ( b k * , z * ) exhibits saddle-path stability. As we see in Figure 3 .1, for values of the initial capital stock that are greater than b k 1 , the consumption-output ratio z t is monotonically decreasing and, hence, the saving rate is monotonically increasing. However, if the initial capital stock is sufficiently low, then z t is first increasing and then decreasing; hence, z t (s t ) exhibits over-shooting (undershooting). Notice from Figure 3 .1 that the non-monotonicity of thė z = 0 locus is necessary for z to overshoot its steady-state value. Indeed, conditions 1A
and 1B concern the behavior of this locus. More specifically, condition 1A is sufficient for theż = 0 locus to be eventually decreasing, whereas condition 1B is necessary for the same locus to be initially increasing. The figure provides also an intuitive explanation of condition 1C. Consider a point ( b k 0 , z 0 ) on the stable arm. Holding the capital stock the same ( b k 0 ), if we extend this point to theż = 0 locus we reach another value z´. Condition 1C requires that z 0 > z´; that is, it requires that the consumption ratio be higher than the one that corresponds to a constant value (given by theż = 0 equation). Up to point b k 1 , 
, which is greater than unity for every finite value of k. 9 To compute the transitional dynamics of the model, we use the backward integration method proposed by Brunner and Strulik (2002) , which transforms an unstable boundary value problem into a stable initial value problem by a time reversal of the dynamic system. Figure 3 .2 presents the transitional path; clearly, the saving rate undershoots its long-run value.
Corollary 1. If σ( b k t ) > 1 ∀ b k t and θ is sufficiently high then the saving rate increases monotonically along the entire transition path. 9 Note, however, that lim k→∞ f 0 ( b k) = 0 and hence this production function cannot yield endogenous unbounded growth. Proof : If θ is sufficiently high then z t ≤ (θ − 1)/θ, ∀ t and not just for t > t k 1 as in Proposition 1. Consider next equation (3.4) . Since the first and the third terms on the RHS are both positive, it follows that γ z(t) < 0, for if γ z(t) > 0 thenγ z(t) > 0 as well, which means that γ * z will never become zero. But then if γ z(t) < 0, it follows thatż t < 0 andṡ t > 0 ∀ t. ¥
The intuition behind Corollary 1 is that a sufficiently high θ weakens the substitution effect and makes the income effect dominate; hence, the saving rate path is increasing.
then the saving rate is decreasing along the transition path from
then the saving rate is increasing at b k 0 iff
Proof : a) First note that since σ( b k t ) < 1, γ * = 0. Furthermore, the Lemma and assumption (2A) imply that s * < 1/θ and z * > (θ − 1)/θ. Suppose there is a value of t > t k 1 , say t 0 , such that z t 0 < (θ − 1)/θ. Then (3.3) implies that γ z(t 0 ) < 0 (since every term on the RHS is negative) and γ z(q) < 0 ∀ q > t 0 ; hence, z * < (θ − 1)/θ, which is a contradiction.
if γ z(t) ≤ 0 for some value of t, say t 00 , thenγ z(q) < 0 ∀ q > t 00 , which means γ * z < 0; this is inconsistent with the economy approaching a steady state where s and hence z are constant (γ * z = 0). But then if γ z(t) > 0 ∀ t > t k 1 , we haveṡ < 0 ∀ t > t k 1 , or s t is decreasing along the transition path from b k 1 to b k * .
b) The rest of the proof is straightforward. 10 Condition (2C) follows once again from equation (3.3) ; namely, set γ z(0) < 0 and solve for z 0 , taking into account the fact that
Note that according to Proposition 2, the path of the saving rate, taken as a whole, first increases and then decreases. Thus, under the specified conditions, if σ( b k t ) < 1, then the saving rate overshoots its long-run value. Furthermore, the intuition behind conditions (2A) and (2B) is similar to that given after Proposition 1. Finally as it can be easily shown, this proposition nests the cases of Cobb-Douglas and CES.
Proposition 2 is illustrated in Figure 3 .3. The two loci · b k = 0 andż = 0 are given by equations (3.5) and (3.6), respectively. We plot the case where θ > 1 and the minimum of the locus occurs at a value of b k t < b k * (the exact shape of each curve is again easily derived after using the Lemma). The steady-state equilibrium is the point ( b k * , z * ), which is saddle-path stable. For values of the initial capital stock that are greater than b k 1 , the consumption ratio z t is monotonically increasing and, hence, the saving rate is monotonically decreasing. However, if the initial capital stock is sufficiently low, then z t is first decreasing and then increasing; hence, z t exhibits under-shooting. The saving rate behaves exactly the opposite and, therefore, it exhibits overshooting. Just as in Proposition 1, the conditions that appear in Proposition 2 concern the behavior of theż = 0 locus.
Notice that for undershooting of z to occur this locus must be non-monotonic. Condition 2A is sufficient for it to be eventually increasing, whereas condition 2B is necessary for it to be initially decreasing. Finally, condition 2C follows the same way as condition 1C in 10 Notice that, in contrast to Proposition 1, the existence of b k 0 such that condition (B) in Proposition 2 holds is not guaranteed any more. The same is true in Smetters (2003) . We note that there is a small typo in Smetters (2003) towards the end of the proof of Proposition 1 case (A) on page 705; namely, the paper
This should read, instead, 
, which is less than unity for every value of k. Using the same numerical method as in Example 1 we can compute the transitional dynamics of the economy. The path of the saving rate, which is depicted in Figure 3 .4, shows that in this case s overshoots its long-run value.
Notice in Proposition 2 that given condition (2B) and the fact that z t > 0, a necessary condition for (2C) to hold is θ > 1. In other words, if θ ≤ 1, then condition (2C) in Proposition 2 cannot hold and, thus, the saving rate path will be monotonic. More formally, consider the following corollary. and z t > 0 ≥ (θ − 1)/θ ∀ t and not just for t > t k 1 as in Proposition 2. Consider next equation (3.4) . Since the first and the third terms on the right hand side are both negative, it follows that γ z(t) > 0, for if γ z(t) < 0 thenγ z(t) < 0 as well, which means that γ * z will never become zero. But then if γ z(t) > 0, it follows thatż t > 0 andṡ t < 0 ∀ t, that is, the saving rate declines monotonically over time along the entire transition path. ¥ 
, that is, the saving rate decreases monotonically over the transition to its steady-state value; the substitution effect dominates the income effect along the entire transition path.
Constant Saving Rate
As mentioned above when the production function is Cobb-Douglas and s 
where b ≡ θ(x + n + δ)/(δ + ρ + θx) and A is a constant of integration.
Proof. (⇒):
If the saving rate is constant, s t = s * ∀ t, then γ z(t) = 0 ∀ t. Setting equation (3. 3) equal to zero and using equations (3.1) and (3.2) yields
which is a first-order differential equation. The solution of this equation yields (4.1).
(⇐): If the production function is (4.1) then (4.2) holds. Upon using (3.1), (3.2) and (4.2), (3.3) becomes
Suppose s * > s t for some t = t 0 then γ z(t) > 0 and γ s(t) < 0 for all t > t 0 , a result that is inconsistent with s approaching its steady state value s * . Similarly, s * < s t for any t = t 0 can be ruled out because it implies that γ z(t) < 0 and γ s(t) > 0 for all t > t 0 , a result that is again inconsistent with s approaching its steady state value. Thus, s t = s * ∀ t. ¥ Of course, in general, more restrictions on the parameter values might be needed to ensure that the inverse of (4.1) exists and that it is a proper production. We can illustrate the dynamics of this economy as well. In Figure 4 .1 we consider the case where γ * = 0. The 
Moreover, it follows from equation (4.2) that the term
is independent of time and, hence, theż = 0 locus becomes parallel to the horizontal axis.
Given that z t is independent of time we can write equation (2.2) as
which is the fundamental Solow equation. As shown, however, in Proposition 4 below, there is still an essential difference between the Ramsey model with a (4.1) production function and the Solow model; namely, the saving rate in the Ramsey model is related to the underlying parameters and cannot be chosen arbitrarily. Just as in the case of Section 2, there is a close connection between the elasticity of substitution, the share of capital and the saving rate. Consider the following proposition. where it may be recalled that b ≡ θ(x + n + δ)/(δ + ρ + θx).
Proof. Notice from (4.2) that the saving rate is constant if and only if
is independent of time. Upon differentiation we see that this would be the case if and only if (4.5) holds. ¥ Proposition 4 determines when the income and intertemporal substitution effect offset each other. Using equation (3.4), we see that in the case of exogenous growth, i.e., γ * = 0, s * = (1/σ * θ) (once again in the case of Cobb-Douglas σ = 1 and we obtain the familiar result that if s * = 1/θ then s t is constant). In the endogenous growth case, on the other hand, where lim k→∞ α( b k t ) = 1, we have σ * = 1/b and s(t) = s * = (γ * + x + n + δ)/(θγ * + δ + ρ + θx).
Conclusions
This paper has characterized analytically the behavior of the saving rate along the transition path for the Ramsey-Cass-Koopmans model for any concave production function and for both cases of endogenous and exogenous growth. It has shown that for an elasticity of factor substitution greater (less) than unity, the saving rate path may exhibit overshooting (undershooting). Nevertheless, by imposing conditions on the elasticity of intertemporal substitution, we can ensure monotonicity. Finally, the paper identifies the general class of production functions that render the saving rate constant over the entire transition path, as in the Solow-Swan model, with the crucial difference, however, that in this model the saving rate is endogenously determined.
As mentioned in the Introduction, there is a growing literature that finds evidence against the Cobb-Douglas specification and in favor of more flexible functional forms. In view of this, the results of this paper are important and may lead to a better understanding of the different saving patterns that are observed in the data.
